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Abstract. We present a new expression of the polynomial Hamiltonian of the Garnier 
system in two variables. We also study its symmetry and holomorphy conditions. 



1. Main results 

In this note, the Garnier system in two variables is equivalent to the rational Hamil- 
tonian system given by (see [13] ) 



dH x dH 2 , dH Ku dH 2 , 

dqi = t: — at + — — ds, dpi = — — — at — ds, 

opi opi oqi oqi 

dH x dH 2 dH, dH 2 

dq 2 = — — dt + — — ds, dp 2 = — - — dt — - — ds, 
op 2 op 2 dq 2 dq 2 

Hi = gi(gi - - t)(qi - S )(Q2 - 1) ^ 2 + 



(qi-q 2 )t(t-l)(t-s) L " i qi (qi-l) 

(i) -(^ + Jl- + « + *) p l} 

\qi-t q\-s q x q\-±J 

ftj(?2 - 1)(?2 ~t)(q 2 - s)(q 1 -t) 2 k 

'1P2 



(q 2 - qi )t(t-i)(t-s) 92(92-1; 

+ — + 7 P2}, 



q 2 -t q 2 -s q 2 q 2 - 1 / 
H 2 = n(H 1 ), 

where the transformation it is explicitly given by 

(2) tv :(qi,p 1 ,q 2 ,p 2 ,t,s;KQ,Ki,9 1 ,9 2 ,K) -> (q 2 ,p 2 , qi,pi, s,t; k , Ki,9 2 ,9i, k). 

Here, 9i,pi, 52 and P2 are canonical variables and Kq, k x , x , 2 and k are constant param- 
eters satisfying the relation 

(3) AC = ~[(Avq + K! + 01 + 9 2 ~ l) 2 - /&]. 

For the system (ITlh we study its symmetry. We show that each Backlund transformation 
is coupled Backlund transformation of the Painleve VI system. 
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Theorem 1.1. The system ([I]) is invariant under the following transformations defined 
as follows: with the notation (*) = (q 1 , p x , q 2 ,P2, t, s; K , Kx, Koo, 0x, 9 2 ), 



(4) 



s : (*J 



8 X 
S3 

S7 



l / k + m - + 9i + 9 2 - l \ 
>(-, - [qm j J gi, 

1 / K + «l-Koo+^l + ^2-l\ 11 

(12 V 2 J t S 



- —,Q2,P2 ~ —,t,s; -k q ,k 1 ,k 00 ,8 1 ,9 2 ) , 
Qi Q2 



QuPi 



QuPi 



QuPi 



9i -1 



qi-t 

02 

q 1 -s' 



q2,P2 



Q2;P2 





Q2 - 


1 










92 - 




#2 




Q2 ~ 


s 



, £, S; Kq, —Kx, Koo, 9x, 82 



t, s; k , Kx, /too, —9x, 02 I , 

i t, S] Kq, Kx, Kqo, 9\i —02 



>{l - qx, -Px, 1 - Q2, ~P2, 1 - t, 1 - S; «1, ACQ, «oo A, ^) 
>(q2,P2, qx,Pl, S, t; Kq, Kx, Koo, 02, 



By resolving the accessible singularity of the system ([T]), we transform the system ([I]) 
into a polynomial Hamiltonian system. 



Theorem 1.2. T7ie birational and symplectic transformation: 



qi-q-i 



(5) 



Qi 



A = - ( (gi - <b)pi 

Q2 =q2, 

P2 =P2 + PX 



K + Kx - Koo + 9x + 02 - I 



(qi - 92), 



takes the system (fTj) to a system with a polynomial Hamiltonian. 
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Theorem 1.3. For the polynomial Hamiltonian system obtained by (jSJ), this system 
becomes again a polynomial Hamiltonian system in each coordinate rj (i = 0,1, ... ,5): 

r : x Q = q u y = p x , z = -{q 2 p 2 - ^o)P2, w = —, 

P2 

n : x x = q 1 , y 1 = p 1 , z x = -((g 2 - l)p 2 - K 1 )p 2 , w 1 = —, 

P2 



r 2 : x 2 = (q x q 2 + l)q 2 , y 2 = z 2 = — , w 2 = - ( q 2 p 2 - 2 ( q x q 2 + - J — - k 2 ) q 2 , 



Pi 

r 4 : x 4 = qi, y 4 = p u z A = -((g 2 - t)p 2 - 9 1 )p 2 , w 4 = —, 

P2 

r 5 :x 5 = q x , y 5 = p x , z 5 = -({q 2 - s)p 2 - 9 2 )p 2 , w 5 = —. 

P2 

Here, for notational convenience, we have renamed Qi, Pi to qi,Pi (which are not the 
same as the previous q%,Pi). 

We note that all transformations are birational and symplectic. 
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